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n-manifold: compact, connected, metric space, locally � Rn

E.g. Sn = n-sphere = {x ∈ Rn+1 : ∥x∥ = 1} (n ≥ 1)
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Homology H1(X) = abelian group

= {loops in X}/{loops that bound}

F,F′ 2-manifolds. Then

F � F′ ⇐⇒ H1(F) � H1(F′)

Hence

(1) H1(F) = 0 ⇐⇒ F � S2

(2) Homeomorphism problem for 2-manifolds algorithmically

solvable

n ≥ 4 : Homeomorphism problem for n-manifolds unsolvable
(Markov, 1958)
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• n = 3 : Fundamental group π1(X) (Poincaré, 1895)

= {loops in X}/{homotopy = continuous deformation}

There exists a 3-manifold M with H1(M) = 0 but π1(M) , 1

So M � S3 (Poincaré, 1904)

Poincaré Conjecture π1(M) = 1 ⇐⇒ M � S3

Proved by Perelman (2003)
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Henri Poincaré (1854–1912)
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Embedded (n − 1)-manifolds ⊂ n−manifolds are useful

e.g. can cut along them:

Want useful 2-manifolds ⊂ 3-manifolds
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Dehn’s Lemma (1910)

Kneser (1929) found mistake in proof

Finally proved by Christos Papakyriakopoulos (1957)



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

10



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

11



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

12

The perfidious lemma of Dehn

Drove many a good man insane.

But Christos D. Pap-

akyriakop-

oulos proved it without any strain.
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Papakyriakopoulos had earlier proved the Loop Theorem (1957)

Combining Loop Theorem and Dehn’s Lemma gives

Disk Theorem

M a 3-manifold with boundary ∂M. If there exists a map

f : (D2, S1)→ (M, ∂M) such that f |S1 : S1 → ∂M is essential, then

there exists an embedding g with the same property.

(essential : not homotopic to a constant map)

Equivalently

If i∗ : π1(∂M) → π1(M) is not injective then there exists an embed-
ding g : (D2, S1) → (M, ∂M) such that g|S1 : S1 → ∂M represents a
non-trivial element of ker i∗.
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Baby Theorem

F a 2-manifold. If there exists an essential map f : S1 → F then there

exists an essential embedding g : S1 → F.

Proof “Cut-and-paste”

Let s(f ) = # singularities of f

f essential =⇒ f ′ or f ′′ essential

Done by induction on s(f )
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Need: 2-manifolds are triangulable (Rado, 1925)

3-manifolds are triangulable (Moise, 1952)

For f : 2-manifold→ 3-manifold, singularities can be more

complicated; triple points:
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Papakyriakopoulos introduced his famous tower construction

..

Nn ⊂

.

Ñn−1

.

...

.

N2 ⊂

.

Ñ1

.

N1 ⊂

.

Ñ0

.

D2

.

N0 ⊂

.

M

.

Ni = neighborhood of fi(D2)

.

Ñi → Ni covering space

.

∂Nn consists of 2-spheres

.

(1) fn not an embedding: replace

.

fn by embedding gn; gives

.

g : (D2, S1)→ (M, ∂M)

.

with s(g) < s(f )

.

fn

.

f2

.

f1

.

f = f0

(2) fn an embedding: Then f has a pair of disjoint simple double

curves; cut-and-paste gives g with s(g) < s(f )
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Disk Theorem + work of Haken (1960’s) led to

Theorem (Waldhausen)

M,M′ sufficiently large, prime 3-manifolds. Then

π1(M) � π1(M′) ⇐⇒ M � M′

(By Perelman, can delete “sufficiently large”, unless M and M′ are

lens spaces)
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A knot is a closed loop K ⊂ R3

K ∼ K′ if there exists a homeomorphism h : R3 → R3 such that

h(K) = K′

K is unknotted if K ∼ unit circle S1 ⊂ R2 ⊂ R3
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P.G. Tait (1831–1901)

Vortex Atoms
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H1(R
3 − K) � Z for all K

π(K) = π1(R
3 − K) = the group of K

K unknotted =⇒ π(K) � Z

Dehn’s Lemma gives converse:

π(K) � Z ⇐⇒ K is unknotted

Now known that

K,K′ prime knots. Then
π(K) � π(K′) ⇐⇒ K ∼ K′
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Papakyriakopoulos also proved the

Sphere Theorem

M a 3-manifold. If there is an essential map f : S2 → M (i.e.

π2(M) , 0) then there is an essential embedding g : S2 → M.

Cor 1 (Asphericity of Knots) πi(R
3 − K) = 0, i ≥ 2.

Cor 2 (Hopf Conjecture) U open, connected ⊂ R3. Then π1(U) is
torsion-free.

Cor 3 M prime 3-manifold, not S1×S2, π1(M) infinite. Then universal
cover M̃ of M is contractible.

(Now known, by Perelman, that M̃ � R3)



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

24

G. Perelman proved Geometrization Conjecture (2003), using PDE’s

(Ricci Flow)

3-manifolds are now “classified”; in particular

The homeomorphism problem for 3-manifolds is algorithmically
solvable
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1957-1976: Papakyriakopoulos worked on Poincaré Conjecture

Tried to reduce it to a purely group-theoretic question
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M triangulable =⇒ M has a Heegaard splitting
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Get homomorphisms

φi : π1(S)→ π1(Vi) � Fg, free group of rank g, i = 1, 2

Define φ : π1(S)→ Fg × Fg by

φ(x) = (φ1(x), φ2(x))

Easy to show π1(M) = 1 ⇐⇒ φ is surjective

Theorem (Stallings + Waldhausen)

The Poincaré Conjecture is equivalent to the statement that any

surjective homomorphism π1(S)→ Fg × Fg, S a surface of genus g,

g ≥ 2, factors non-trivially through a free product A ∗ B.
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Xρήστoς ∆ηµητρ́ιoυ Παπακυριακóπoυλoς

“Papa”

June 16, 1914 – June 29, 1976


